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We present a method for calculating solutions and corresponding central charges for back-
grounds with AdS3 and S
k factors in α′-exact fashion from the full tree-level low energy effec-
tive action of heterotic string theory. Three examples are explicitly presented: AdS3×S3×T 4,
AdS3×S2×S1×T 4 and AdS3×S3×S3×S1. Crucial property which enabled our analysis
is vanishing of the Riemann tensor calculated from connection with ”σ-model torsion”. We
show the following: (i) Chern-Simons terms are the only source of α′-corrections not only in
BPS, but also in non-BPS cases, suggesting a possible extension of general method of Kraus
and Larsen, (ii) our results are in agreement with some conjectures on the form of the part
of tree-level Lagrangian not connected to mixed Chern-Simons term by supersymmetry (and
present in all supersymmetric string theories), (iii) new α′-exact result for central charges
in AdS3 × S3 × S3 × S1 geometry. As a tool we used our generalization of Sen’s E-function
formalism to AdSp with p > 2, and paid special attention to proper definition of asymptotic
charges.
I. INTRODUCTION
String backgrounds with AdS3 factor play important role in understanding of AdSd+1/CFTd
duality conjecture, as they provide examples in which we can perform calculations on both sides of
the duality enabling in this way direct comparison. Some of these backgrounds are also connected
to asymptotic near-horizon geometries of black strings. A specially important interplay of these two
situations appears in microscopic calculations of entropy for extremal black holes. In string theory
near-horizon geometries of such black holes typically contain AdS2 × S1 factor which happens to
be locally isometric to AdS3. By calculating central charges cL,R of dual boundary CFT2 (e.g., by
using Cardy formula) one can calculate microcanonical entropies of corresponding extremal black
holes in ”microscopic” fashion. There are examples in which direct microscopic calculation of
black hole entropy (i.e., without using AdS/CFT conjecture) is also possible. Agreement between
microscopic and macroscopic (obtained from low-energy effective supergravity action and Wald
formula) results for black hole entropies in all known examples (where calculation on both sides is
applicable and possible) is one of the big achievements of string theory, as it shows that the theory
provides correct statistical interpretation of black hole thermodynamics.
One motivation for studying α′-corrections from the macroscopic side (using tree-level effective
supergravity actions) is that this allows us to make more precise comparisons with microscopic
(”stringy”) calculations. In this way one can make precision tests of some of the most important
results in string theory, like above mentioned statistical derivation of black hole thermodynamics).
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2One can also turn the argument around, and use the (presupposed) agreement between macro- and
micro- results to get some knowledge on the structure of the low-energy effective action. We shall
use both of these strategies in this paper.
Now, in some cases α′-exact results are known on the microscopic side, so it would be desirable
to be able to do α′-exact calculations also on the macroscopic side. On the first look, this appears
as an impossible mission because tree-level low-energy effective actions of string theories are known
only partially. In fact, they are known fully only up to α′2- (i.e., 6-derivative) order. Confronted
with this obstacle, different strategies were investigated in the literature. Some authors started
with dimensionally reduced effective actions truncated to four derivatives (R2-type actions), with
the most popular candidates being R2-type supersymmetric actions and (non-supersymmetric)
Gauss-Bonnet type actions (for reviews see [1–3]). Surprisingly, in some supersymmetric (BPS)
cases these actions produce α′-exact results for black hole entropies and/or central charges (with
Gauss-Bonnet actions working only in D = 4 dimensions). However, it was also shown that this
is not the case in non-supersymmetric (non-BPS) cases [1, 4] (the same can be shown for central
charges in D = 5, by simple extension of the method from [4] to AdS3×S2 geometry), from which
follows that these truncated actions are intrinsically incomplete already at 4-derivative, i.e., α′1-,
order. Another approach was to analyze 3-dimensional effective actions defined on asymptotic
AdS3 geometries. This was immensely fruitful direction, giving along a way a simple method for
obtaining α′-exact results for central charges. By showing that all relevant information is encoded
in Chern-Simons terms, this method also provided explanation for the sufficiency of terms with
at most four derivatives in effective actions [5–8]. However, so far all constructions were relying
heavily on the presence of supersymmetry in effective 3-dimensional actions.
These developments raise several questions. Two of them, which partly motivated our work
presented here, are: (1) What about non-supersymmetric backgrounds, for which the methods
from previous paragraph are not applicable? Is the situation really different for them? (2) What
is the reason for the mentioned irrelevance of 6- and higher-derivative terms, viewed from the
perspective of 10-dimensional string effective actions? In 3-dimensional language combination of
supersymmetry and symmetries of AdS3 space guaranty this, but no corresponding argument is
known in 10-dimensional language. Well known example are 8-derivative terms multiplied by ζ(3)
number (including famous ζ(3)RRRR terms) which are present in 10-dimensional tree-level low-
energy actions of all string theories. In many known examples these terms should combine to give
vanishing contribution to central charges (and extremal black hole entropies), but no mechanism
which enforces this is known (exact structure of these terms is still not known).
Following our previous work [9], we investigate these questions by starting from the full 10-
dimensional tree-level low-energy effective action of heterotic string theory, with the idea of taking
into account all higher-derivative terms, and finding α′-exact solutions (and corresponding central
charges) for backgrounds containing factors of AdS3, spheres and tori. We explicitly present three
examples - AdS3×S3× T 4, AdS3×S2×S1× T 4 and AdS3×S3×S3×S1, but method obviously
extends to other cases. For first and second example, microscopic results for central charges are
known, so we are able to make comparison with our macroscopic calculations. As for the third
example, as far as we know the results for central charges are new.
3Because the full tree-level action is only partially known, our strategy is to first take into account
the part of the effective action which is connected by supersymmetry with (gauge-gravity) mixed
Chern-Simons term which we are able to solve directly, without any assumptions. We obtain
solutions for all charge-signatures, which include both BPS and non-BPS cases. Comparison of
central charges, obtained in this way, with microscopic results (which are known for the first two
examples) shows agreement in all cases, BPS and non-BPS. Moreover, all higher-derivative terms
except Chern-Simons term happen to be irrelevant in our examples, both for BPS and non-BPS
solutions. This provides new insight to question (1) above.
To completely answer question (2), one needs to take into account also the part of the action
which is not connected by supersymmetry to mixed Chern-Simons term. This part starts at 8-
derivative (α′3-) order, and contains above mentioned ζ(3)RRRR terms. Now, the exact structure
of this part is unknown, and only some terms (of 4-point and 5-point type) are completely known.
We conjecture that this part of the action gives vanishing contribution in our calculations due to
the fact that all our solutions satisfy a property
RMNPQ = 0 , (1)
where R is the ”torsional” Riemann tensor in 10-dimensions, which is calculated from modified
connection Γ = Γ−H/2 (”σ-model torsion”). Of course, with this we conjecture that this part of
the action has a particular form, which in fact was already conjectured previously in the literature
(”weak form”of the conjecture was first proposed in [10], and ”strong form” in [11]). What is
important here is that the most recent calculations [12] show that the known (i.e., 4-point and
5-point) 8-derivative terms indeed are in accord with our conjecture. With this we have answered
the question (2).
Here is the outline of the paper. In section II we generalize Sen’s entropy function formalism
to AdSp cases with p ≥ 2. This formalism, which we call E-function formalism, is for p = 3 is
equivalent to the so called c-extremization. Section III is the central part of the paper. In subsection
IIIA we review what is known about the structure of 10-dimensional tree-level low-energy effective
action of heterotic string theory and the strategy of dealing with mixed Chern-Simons term. In
subsections IIIB-IIID we present explicit solutions and corresponding central charges for three
heterotic backgrounds: AdS3 × S3 × T 4, AdS3 × S2 × S1 × T 4 and AdS3 × S3 × S3 × S1. Here
we paid special attention to the proper definition of asymptotic charges. In subsection IIIE we
extend the results to corresponding backgrounds in type-II theories. Concluding remarks are left
to section IV.
II. SEN’S E-FUNCTION FORMALISM FOR ADSp
A. Backgrounds with AdS3 factor
Our goal is to analyse solutions of higher-derivative gravity theories with geometries given by
products of some number of (maximally symmetric) spaces AdSp and S
q. In the special case of
AdS2× SD−2 geometry, the procedure is developed in [13] and is known as Sen’s entropy function
4formalism. As such geometries appear as near-horizon limit of static extremal black holes, Sen’s
formalism gained a huge popularity as the simplest method for calculation of entropy of such black
holes (for a review including a detailed list of references see [1]). We are interested in generalization
of Sen’s formalism to geometries with AdSp, p > 2, factors, in particular p = 3 case
1.
Let us assume that we have some purely bosonic theory of gravity in D-dimensions which is
manifestly diffeomorphism covariant, and, if there are gauge symmetries, also manifestly gauge co-
variant. We want to find solutions with the AdS3×SD−3 geometry which are manifestly symmetric
under the full group of isometries, i.e., SO(2, 2) × SO(D − 2). In that case the only fields (field
strengths for gauge fields) which are not forced to vanish by symmetries are those which can be
composed of ”elementary tensors”, which are metric tensors and volume-forms of AdS3 and S
D−3
spaces.
For clarity, let us focus on a theories with a local Lagrangian L and a field content consisting of
D-dimensional metric Gµν , scalars φ
(s), and some number of forms χ corresponding to gauge (in
such cases χ denotes field strength) and auxiliary fields.2 Then the only potentially non-vanishing
fields are metric, scalars and p-forms with p = 3,D − 3, or D, which are constrained to have the
following form:
ds2 = Gµνdx
µdxν = vA ds
2
A + vS ds
2
S , φ
(s) = us
χ
(i)
3 = hi ǫA , χ
(a)
D−3 = ha ǫS , χ
(α)
D = hα ǫA ∧ ǫS (2)
ds2A (ds
2
S) and ǫA (ǫS) denote metric and volume-form of AdS3 (S
D−3) space with unit radius. This
means that vA (vS) is the squared radius of AdS3 (S
D−3) appearing in the physical geometry. For
convenience (and to make it as close to Sen’s procedure as possible) we choose the coordinates in
AdS3 space such that the determinant of AdS3 metric with unit radius is equal to (−1). vA, vS , us
and h′s are constants. If χ
(i)
3 is a gauge field strength, then we denote hi = ei. If χ
(a)
D−3 is a gauge
field strength, then pa = ha is the magnetic charge (in some particular normalization). The rest of
h′s are variables corresponding to auxiliary fields, which should be determined, together with vA,
vS and us, by solving the equations of motion.
If we define the function f by
f(~v, ~u,~h;~e, ~p) =
∮
SD−3
√−GL , (3)
where we use the AdS3 × SD−3 Ansatz (2), then solving equations of motion is equivalent to
extremization of the function f keeping ~e and ~p fixed, i.e., to solving the algebraic system
0 =
∂f
∂~v
=
∂f
∂~u
=
∂f
∂~h
(4)
It is more common to express results not in terms of electric fields ~e but in terms of electric charges
~q which are given by
~q =
∂f
∂~e
. (5)
1 Somewhat different extension of Sen’s entropy function formalism to general AdSp geometries was developed in
[14] (and used in [15, 16]).
2 Bosonic sectors of low energy effective actions of string theories fall in this class.
5This transition goes through Legandre transformation, by introducing E-function defined by
E(~v, ~u,~h,~e; ~q, ~p) = 6π(~q · ~e− f) . (6)
Extremization of E-function over variables ~v, ~u,~h,~e
0 =
∂E
∂~v
=
∂E
∂~u
=
∂E
∂~h
=
∂E
∂~e
(7)
then obviously gives (4) and (5). Solving (7) one gets solutions for variables as functions of electric
and magnetic charges ~q and ~p. The value of E-function at the extremum gives the central charge
c of the dual CFT living on the boundary of AdS3 space
c(~q, ~p) = E(~v0, ~u0,~h0, ~e0; ~q, ~p) , (~v0, ~u0,~h0, ~e0 satisfy (7)) (8)
It is almost obvious that the above generalization of Sen’s formalism to AdS3 is equivalent to
the so-called c-extremization method developed by Kraus and Larsen [5, 6] (for a nice review see
[17]). To see this, let us first consider a case where there are no electrically charged gauge fields.
Then it is easy to check that our E-function is equal to the c-function of Kraus and Larsen.
Let us now assume that there are also n electrically charged gauge fields, which 3-form field
strengths F
(i)
3 = dA
(i)
2 are constrained by (2) to have the form
F
(i)
3 = ei ǫA , i = 1, . . . , n (9)
The idea is to pass to the dual magnetic description by making Poincare duality transformation.
We introduce n additional (D− 4)-form gauge fields C(i)D−4 with (D− 3)-form gauge field strengths
K
(i)
D−3 = dC
(i)
D−4, and define a new Lagrangian density
L˜ = L − 1
3! (D − 3)!√−G
n∑
i=1
εµ1···µDF (i)µ1µ2µ3K
(i)
µ4···µD (10)
where totally antisymmetric tensor density εµ1···µD by definition receives values ±1, 0. If we now
treat 3-forms F
(i)
3 as auxiliary fields (instead of gauge field strengths), Lagrangian L˜ leads to the
equations of motion which are equivalent to those obtained from L (Euler-Lagrange equation for
C
(i)
D−4 simply says that F
(i)
3 is closed, so locally F
(i)
3 = dA
(i)
2 , i.e., F
(i)
3 is a gauge field strength).
For AdS3 × SD−3 solutions F (i)3 and K(i)D−3 are constrained by (2) to have the form
F
(i)
3 = ei ǫA , K
(i)
D−3 =
p˜i
ΩD−3
ǫD−3 (11)
where ΩD−3 is a volume of the (D − 3)-sphere with unit radius, and p˜i are magnetic charges. We
emphasize again that F
(i)
3 are now auxiliary fields which should be treated as other auxiliary 3-form
fields χ3 in (2) (if such exist). The new Lagrangian L˜ does not contain any electrically charged
gauge fields and so can be used to perform E-function formalism to obtain AdS3 × SD−3 solutions
and central charge of dual CFT. For this we define
f˜(~v, ~u,~h,~e; ~˜p, ~p) =
∮
SD−3
√−G L˜ , (12)
6from which we obtain E-function
E˜(~v, ~u,~h,~e; ~˜p, ~p) = −6πf˜ = 6π
(
~˜p · ~e− f
)
. (13)
The second equality follows from (10) and (12). It is now obvious that if we make identification
p˜i = qi (14)
then E-function E˜ (13) is equal to E from (6), and so it is irrelevant which one is used for finding
solutions and central charges. As E˜ is equivalent to c-function of Kraus and Larsen, this completes
the proof.
E-function formalism is easily generalised to AdS3 × Sk1 × . . . × Skn geometries. Though the
generalisation is straightforward, expressions are quite cumbersome and so we shall not write them
for general case. Instead, we present in Section IIID an explicit example with AdS3 × S3 × S3
geometry.
B. Generalisation to theories with Chern-Simons terms
Effective actions of string theories typically contain Chern-Simons terms which are not mani-
festly gauge or diffeomorphism covariant. This prevents direct application of E-function method.
Unfortunately, there is no general recipe for dealing with Chern-Simons terms. Here, we shall
restrict ourselves to terms of the type
SCS =
∫
T (D−3) ∧Ω(L3) (15)
where T (D−3) is some manifestly (gauge and diff) covariant (D−3)-form, and ΩL3 is 3-dimensional
gravitational Chern-Simons term defined with
Ω(L3)µνρ =
1
2
Γσµτ ∂νΓ
τ
ρσ +
1
3
Γσµτ Γ
τ
νξ Γ
ξ
ρσ (antisym. in µ, ν, ρ) (16)
Applying now AdS3×Sk1×. . .×Skn Ansatz to T (D−3), one has to properly define the term εabcΩ(L3)abc .
Obviously, this term can a priori live only on AdS3, S
3, or S2 × S1, but it is straightforward to
check that it gives vanishing contribution for S3 and S2×S1 (after integration over the respective
volumes, present in definition of E-function). This leaves us only with AdS3 case, for which we add
the following rule to E-function formalism:
• On AdS3 one takes εabcΩ(L3)abc = ±4, where plus (minus) sign is used for left (right) central
charge cL (cR).
To prove this, we simply refer to c-extremization method [17]. From it follows that when we
apply E-function formalism by neglecting all terms of the type (15), Eq. (8) is giving us average
central charge (cL + cR)/2. Gravitational Chern-Simons terms introduce diffeomorphism anomaly
in dual CFT and generate a difference between cL and cR
cL − cR = 48πβ , (17)
7where β is (in E-function formalism language) a factor appearing in a contribution of CS term (15)
to function f defined in (3). More precisely,
fCS = β ε
abcΩ
(L3)
abc (18)
By using this in (6) and (8), comparison with (17) leads directly to our simple rule, which completes
the proof.
In string theory the D-dimensional effective theory is frequently obtained by Kaluza-Klein
compactification on one or more circles S1. In such cases, sometimes it is more practical to
calculate E-function before compactification (in higher-dimensional space). In such cases, it can
happen that we need to calculate εabcΩ
(L3)
abc on S
2× S1 space on which metric is not factorized but
instead has Kaluza-Klein form
ds2 = gab(x)dx
adxb = φ(x)
[
gmn(x)dx
mdxn + (dy + 2Am(x)dx
m)2
]
, (19)
where 1 ≤ a, b ≤ 3 and 1 ≤ m,n ≤ 2. Following [18, 19] we take
εabcΩ
(L3)
abc =
1
2
εmn
[
R(2)Fmn + 4g
m′p′gq
′qFmm′Fp′q′Fqn
]
, (20)
where Fmn = ∂mAn − ∂nAm and R(2) is a Ricci scalar calculated from gmn. Then (20) gives us
the desired manifestly covariant form (in the reduced 2-dimensional space) for the Chern-Simons
term. This logic was originally applied in analyses of extremal heterotic black holes (AdS2 case)
in [20, 21]. We shall use it here in Sec. IIIC.
C. Generalisation to AdSd+1
It is natural to contemplate the extension of E-function formalism to the backgrounds with
general AdSd+1 factor, where d ≥ 1. It is obvious that we can straightforwardly generalize the
formal procedure given in Eqs. (2-8), where now we define Ed-function
Ed(~v, ~u,~h,~e; ~q, ~p) = π[(d+1)/2](~q · ~e− f) . (21)
[x] denotes integer part of x. Extremal value of Ed-function we denote by cd
cd(~q, ~p) = Ed(~v0, ~u0,~h0, ~e0; ~q, ~p) (~v0, ~u0,~h0, ~e0 satisfy (7)) (22)
The question is what is the meaning of cd? As is known, 2c1 is the number of ground states in
dual CFT1 (i.e., conformal quantum mechanics) and 6c2 is the central charge of dual CFT2. For
d = 2n even, one generalization of d = 2 case is in fact known - it gives the coefficient in trace
anomaly of A-type in the dual CFT2n [22]. More precisely, the trace anomaly is [23]
A2n(x) = c2n
(4π)n(n!)2
En(x) + . . . , (23)
where En denotes the Euler density in d = 2n dimensions, and dots . . . denote B-type (conformally
invariant) contribution.
From now on we shall deal with d = 2 case exclusively.
8III. α′-EXACT SOLUTIONS IN HETEROTIC STRING THEORY
A. Effective action and 10D SUSY
We are interested here in bosonic solutions with AdS3 factors of the tree-level heterotic low-
energy effective action in D-dimensions, with 10 −D dimensions compactified on a torus T 10−D.
We restrict ourselves to the most simple case in which torus is flat and all Kaluza-Klein 1-form
gauge fields are uncharged (vanishing). In addition, 10-dimensional (SO(32) or E8 × E8) Yang-
Mills (1-form) field is also taken to vanish 3. It follows that the only non-vanishing fields present in
this sector are metric GMN , Kalb-Ramond 2-form gauge field BMN , and dilaton Φ. As discussed
in detail in [9], effective Lagrangian can be decomposed in the following way
L(H) = L01 +∆LCS + Lother . (24)
The first term in (24), explicitly written, is
L01 = e
−2Φ
16πGD
[
R+ 4(∂Φ)2 − 1
12
HMNPH
MNP
]
, (25)
where GD is D-dimensional Newton constant. 3-form gauge field strength is not closed, but instead
given by
HMNP = ∂MBNP + ∂NBPM + ∂PBMN − 3α′ΩMNP , (26)
where ΩMNP is the gravitational Chern-Simons form
ΩMNP =
1
2
Γ
R
MQ ∂NΓ
Q
PR +
1
3
Γ
R
MQ Γ
Q
NS Γ
S
PR (antisym. in M,N,P ) (27)
Bar on the geometric object means that it is calculated using the modified connection
Γ
P
MN = Γ
P
MN −
1
2
H
P
MN (28)
in which 3-form H plays the role of a torsion.
A presence of α′-correction in L01, induced by Chern-Simons term through (26), breaks the
supersymmetry. As shown in [24], one can retrieve supersymmetry (which is N = 1 in D = 10) by
introducing the term ∆LCS in Lagrangian (24). As this ”supersymmetrization of Chern-Simons
term” is an on-shell construction, it follows that ∆LCS contains tower of higher-derivative terms,
i.e., (probably infinite) expansion in α′, starting at α′1 (4-derivative) order. In [24] it was shown
that there is a field redefinition scheme in which ∆LCS can be written by purely using modified
Riemman tensor RMNPQ (calculated from modified connection (28))
R
M
NPQ = R
M
NPQ +∇[PHMQ]N −
1
2
H
M
R[PH
R
Q]N , (29)
3 In fact, those are not important restrictions. Eventually, we can use O(26 − D, 10 − D) T-duality of tree-level
heterotic theory to obtain from our results central charges in general case.
9and the metric tensor (needed just to contract indices). As in [9], we shall use this property to
show that ∆LCS is giving vanishing contribution to solutions we construct in this paper.
A much less is known about Lother part of the tree-level effective action. It is known that
it contains tower of terms starting at 8-derivative (α′3) order, with the notorious R4-type terms
multiplied by ζ(3) transcendental number. By now, only R4, R3H2 and RH2(∇H)2 terms4 are
fully known, and their structure is consistent with the conjecture that Lother can be written by
purely using modified Riemann tensor RMNPQ [12]. If this conjecture is true (at least in a weaker
form, see section IV), then Lother would also be irrelevant for our results (for the same reason as
∆LCS). We postpone further discussion to section IV. At the moment we shall simply ignore this
term.
We apply the following strategy [9]. First we ignore the terms ∆LCS and ∆LCS in the tree-level
heterotic effective action (24), which leaves us with simpler reduced Lagrangian
Lred = L01 . (30)
This (non-supersymmetric) action still has nontrivial α′-corrections due to presence of gravitational
Chern-Simons term in (26). Then we show that all of our exact solutions (obtained from Lred)
satisfy the condition
RMNPQ = 0 . (31)
Due to the structure of ∆LCS term mentioned above, from (31) follows immediately that such
solutions are also solutions of the supersymmetric action
LsusyCS = L01 +∆LCS . (32)
Now, to use E-function method presented in Section II we have to find a way to treat Chern-
Simons term. We now show how to do this if it appears in the action as in (15). This can be achieved
through the generalization of the method from [9] to general D, by the particular Poincare duality
transformation (10) in which one takes F3 = dB2 (where B2 is the 2-form Kalb-Ramond field BMN
from (26)). As HMNP becomes now an auxiliary field ((26) does not apply), the only appearance
of Chern-Simons term is of the form (15).
Let us present this in more detail. The dual, classically equivalent, Lagrangian L˜ is defined by5
L˜(H) = L(H) − 3!
(24π)2(D − 3)!√−G ε
M1···MD
(
HM1M2M3 + 3α
′ΩM1M2M3
)
KM4···MD (33)
where it is understood that (D − 3)-form K is exact, i.e., K = dC, and 3-form H is treated as an
auxiliary field. Using (24) we have
L˜(H) = L˜0 + L˜CS +∆LCS + Lother , (34)
4 Notation RkHm denotes all monomials which can be written by multiplying and contracting k Riemann tensors
and m 3-form strengths H .
5 Similar dual formulations are known for some time, see, e.g., [25].
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where
L˜0 = L0 − 3!
(24π)2(D − 3)!√−G ε
M1···MDHM1M2M3KM4···MD (35)
L˜CS = − α
′
32π2(D − 3)!√−G ε
M1···MDΩM1M2M3KM4···MD . (36)
In (34) and (35) terms without tilde (L0, ∆LCS and Lother) are the same as before with the
important exception that in the dual description HMNP is now treated as an auxiliary field (so in
the dual description we should forget the relation (26)).
Let us pause for a moment to explain the terms in (34). L˜0 is the lowest (α′0-) order term in
α′-expansion. L˜CS is the mixed Chern-Simons term (constructed from torsional connection (28))
and in fact the only term in the whole dualized heterotic effective action containing Chern-Simons
term, and so the only term which is not manifestly diffeomorphism-covariant. It is purely of α′1-
(4-derivative) order. As mentioned before, ∆LCS represents (probably infinite) tower of terms,
starting at α′1-order, which are connected with Chern-Simons term by supersymmetry, and Lother
is ”the rest”, consisting of tower of terms starting at α′3- (8-derivative) order. What is important
is that in the dual description, due to the auxiliary nature of 3-form H, these terms are now free
of Chern-Simons term (before dualization they have contained it implicitly because of (26)).
Though we have extracted Chern-Simons term out, we are still not completely satisfied because
ΩMNP appearing in (36) is, due to (28), not the normal gravitational Chern-Simons term ΩMNP
(calculated from ordinary Levi-Civita connection ΓPMN ). This means that (36) is still not of the
form (15), which we know how to handle in the E-function framework. Now, it can be shown that
the difference is given by [26]
ΩMNP = ΩMNP +AMNP (37)
where
AMNP = 1
4
∂M
(
ΓRNQH
Q
RP
)
+
1
8
H
R
MQ ∇NH QRP −
1
4
R QRMN HPQR
+
1
24
H
R
MQ H
S
NR H
Q
PS (antisymmetrized in M,N,P ). (38)
First term in (38) gives vanishing contribution to the action obtained from Lagrangian (34) due
to dK = 0, and so it can be dropped. It then follows that AMNP is manifestly diffeomorphism
covariant. Using (37) in (36) we have
L˜CS = L˜′1 + L˜′′1 , (39)
where
L˜′1 = −
α′
32π2(D − 3)!√−G ε
M1···MDAM1M2M3KM4···MD (40)
L˜′′1 = −
α′
32π2(D − 3)!√−G ε
M1···MDΩM1M2M3KM4···MD . (41)
11
The term L˜′1 is manifestly diff-covariant, while L˜′′1 contains ordinary (Levi-Civita) Chern-Simons
term and is obviously of the form (15). This is what we wanted to achieve, so we can now finally
pass to calculations.
Our goal is to calculate α′-exact solutions and corresponding central charges for various back-
grounds in heterotic string theory which have AdS3 and S
k, k = 1, 2, 3 factors. As we shall see a
posteriori, all our solutions will satisfy (31). It then follows (see the discussion below Eq. (31))
that ∆LCS will not contribute. We conjecture (based on a limited perturbative knowledge) that
Lother also should not contribute. It then follows that it is enough to work with the reduced dual
Lagrangian given by
L˜red = L˜0 + L˜CS = L˜0 + L˜′1 + L˜′′1 . (42)
Note that L˜red has at most 4-derivative terms (i.e., it is R2-type Lagrangian).
We shall use a convention in which GD = 2 and α
′ = 16.
B. AdS3 × S
3 backgrounds
Let us now apply this to AdS3 × S3 solutions in heterotic string theory compactified on T 4.
Such backgrounds are expected to describe near-horizon geometries of extremal black strings in
D = 6 dimensions. The non-vanishing fields here are dilaton Φ, 6-dimensional metric Gµν , 3-form
Hµνρ (treated as auxiliary), and the 2-form gauge field Cµν (with 3-form strength Kµνρ). We now
use generalized version of Sen’s E-function formalism presented in Section II, which dictates the
following form for the non-vanishing fields
ds2 = vA ds
2
A + vS ds
2
S , e
−2Φ =
us
π
,
K = e˜ ǫA + p˜ ǫS , H = hA ǫA + hS ǫS , (43)
where vA,S, us, hA,S are constants, eventually determined from equations of motion (as functions of
electric field e˜ and magnetic charge p˜). These 2-charge black string configurations have microscopic
interpretation as bound states of some number (connected to electric charge of Hµνρ, which means
magnetic charge of Kµνρ) of fundamental strings plus some number (connected to magnetic charge
of Hµνρ, which means electric charge of Kµνρ)) of NS5-branes wrapped around the torus T
4.
Using (42) we can write function f , defined in (3), as
f0 =
1
8
[
us(vAvS)
3/2
(
− 3
vA
+
3
vS
+
h2A
4 v3A
− h
2
S
4 v3S
)
− hA p˜+ hS e˜
]
(44)
f ′1 =
h3A p˜
4 v3A
+
h3S e˜
4 v3S
− 3hA p˜
vA
− 3hS p˜
vS
(45)
f ′′1 = fCS = ±4 p˜ . (46)
As for derivation and interpretation of (46), consult section II B. E-function, defined in (6) is now
E(~v, us,~h, e˜; q˜, p˜) = 6π(e˜ q˜ − f) , (47)
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where q˜ is an electric charge. Extremization of E-function over v1,2, us, hA,S, and e˜ gives us then
conditions equivalent to equations of motion and central charges, according to (7)-(8). The solution
is
vA = vS = 4(|q˜|+ 4) , us = |p˜|
4(|q˜|+ 4) , e˜ =
|q˜ p˜|
q˜
, hA = 8
|p˜|
p˜
(|q˜|+ 4) , hS = 8 |q˜|
q˜
(|q˜|+ 4)
(48)
which is valid for all q˜ and p˜ 6= 0. In the special cases when q˜ = 0 it is understood that |0|/0 = ±1,
meaning that there are two solutions for fixed choice of p˜.
For central charges we obtain
c ≡ 1
2
(cL + cR) = 6π |p˜| (|q˜|+ 8) , cL − cR = 48π p˜ (49)
We still have to connect ”canonical” charges q˜, p˜ with integer-valued charges of microscopic
configuration (consisting of fundamental strings and NS5-branes). Normally, one does this by
referring to the (if known) lowest-order relations. In the present case, these are well-known, and,
in our conventions, are given by
w = 4π p˜ , (50)
where microscopic charge w is the number of fundamental strings, and
m =
q˜
4
, (51)
where m is the NS5-brane charge. Using (50) and (51) in (48) and (49) we obtain for solution
vA = vS = 16(|m| + 1) , us = 1
64π
|w|
(|m|+ 1) , e˜ =
|wm|
4πm
,
hA = 32
w
|w| (|m|+ 1) , hS = 32
m
|m| (|m|+ 1) , (52)
and for central charges
c ≡ 1
2
(cL + cR) = 6 |w|(|m| + 2) , cL − cR = 12w (53)
In the theories with Chern-Simons terms things can get more complicated, as it is known that
such terms may introduce shifts between charges defined near the horizon and charges defined in
asymptotic infinity (which is standard definition for charges). This effect was previously observed
and analyzed in black hole setup in [27, 28]. Now, one way which avoid such issues to express all
charges as magnetic charges of some gauge form with closed field strength. For p˜ this is already
done, as it is the magnetic charge of a closed 3-form strength K, so we do not expect corrections
to (50). But, q˜ is electric charge of K, so some additional work is necessary.
In [9] it was proposed that one should use 3-form strength H. From (26) follows
dH =
3
8
α′tr(R ∧R) (54)
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and because all our solutions satisfy condition (31) we have dH = 0. Integer-valued magnetic
charge carried by H is given by6
N =
1
64π2
∮
S3
H =
hS
32
=
m
|m| (|m|+ 1) . (55)
We obtain a shift in the definition of charge. In a new definition of charge (55) doubling of solutions
for m = 0 becomes natural – from (55) follows that m = 0 simply corresponds to two values of N ,
N = ±1. Using (55) in (52) and (53) we obtain for solution
vA = vS = 16 |N | , us = 1
64π
∣∣∣∣wN
∣∣∣∣ , e˜ = |wN |4πN , hA = 32 |wN |w , hS = 32N , (56)
and for central charges
c ≡ 1
2
(cL + cR) = 6 |w|(|N | + 1) , cL − cR = 12w . (57)
The result for central charges cR,L is the same as the one obtained in [29], if we identify N with
quantum number k from [29].
However, there is a problem with the above definition of charge, which is visible for more
complicated geometries.7 As a specific example, relevant for us here, let us consider a full black
string background for which (52) gives a near-horizon description. Away from the horizon we do
not expect (31) to be valid, and so by (54) there is no reason to expect dH = 0. Without this
property, there is no guarantee that ”near-horizon charge” (54), which is calculated by taking S3
to be in the near-horizon region where (52) is (approximately) valid, is going to be equal to the
standardly defined (asymptotic) charge, which is obtained by taking sphere S3 in (55) to be in an
asymptotic infinity.
A simple solution for this problem is that instead of H, defined in (26), we use a 3-form H
defined by
HMNP = ∂MBNP + ∂NBPM + ∂PBMN − 3α′ΩMNP , (58)
which is in fact ”standard” definition for 3-form strength of Kalb-Ramond field in heterotic string
theory. The important difference is that dH is given by
dH =
3
8
α′tr(R ∧R) , (59)
and the right hand side is now topological density which is giving vanishing contribution to the
difference between asymptotic and near-horizon charges. From (37) follows that H and H are
connected by
HMNP = HMNP + 3α
′AMNP . (60)
6 The factor of 64pi2, which appears in our conventions, is in fact 2α′Ω3 (Ω3 is the volume of a unit 3-sphere S
3).
7 We thank Ashoke Sen for thorough explanations on this issue and for suggestion that 3-form H , instead of H,
should be used to define the proper asymptotic charge.
14
From (60) and (38) we easily obtain a corresponding magnetic charge
Q5 =
1
64π2
∮
S3
H = m, (61)
which, though it is near-horizon evaluated, is also equal to the standard (asymptotic) charge. We
emphasize that H and H give the same result for charge calculated in infinity8, and the difference
in near-horizon charge accumulates in the ”intermediate region” when one passes from infinity
towards horizon.
All in all, we finally obtained that our original definition of electric charge q˜ = 4m, which
depends on the particular treatment of mixed Chern-Simons term, is correctly describing the
magnetic flux, and so Q5 = m is expected to be identified with the number of NS5-branes.
Comments on our AdS3 × S3 × T 4 solution:
1. Solution (56) is supersymmetric for all values of charges.
2. It is easy to show that solution (56) satisfies the property (31), which means that we would
obtain the same results if we started with more complicated supersymmetric action (32).
Moreover, as argued before (and in more detail in section IV), we suggest that (31) also
makes Lother is also irrelevant for our results, which means that we have obtained α′-exact
solutions and central charges of the full tree-level heterotic effective action (24).
3. Though solution (56) is purely mathematically regular for all w 6= 0, from string theory
perspective it is meaningful only for |w/m| ≫ 1 as in this case quantum corrections are
expected to be small (effective string coupling gs satisfies g
2
s ∼ exp(2Φ) ∼ |N/w| ≪ 1) and
so our purely classical analysis is dominating.
4. Results for central charges cL,R agree with microscopic calculations relying on AdS3/CFT2
arguments [29], when we identify our number N (near-horizon charge of 3-form strength
H) with their k, which is a level of the affine world-sheet symmetry algebra ̂SL(2) in the
supersymmetric (right-moving) sector. Also, using N (instead of m) we obtain solutions in
α′-uncorrected form.
5. In view of possible AdS/CFT correspondence, our results for central charges cL,R agree
(through the Cardy formula)) with results for entropies of 5-dimensional 3-charge extremal
black hole entropies calculated in [9], while comparison with calculation which uses R2-type
5-dimensional supersymmetric action shows agreement just for the cases which correspond
to BPS black holes (e.g., for w,m > 0 it agrees with cL, but not with cR) [4] (for BPS case
it exist also a microscopic calculation for the entropy [30]).
8 The ”dangerous” first term in (38), which is not manifestly diff-covariant, is a total derivative and gives vanishing
contribution to the integral in (61). The rest of the difference between H and H is such that its contribution to
the charge calculated in asymptotic infinity vanishes.
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C. AdS3 × S
2 backgrounds
The next example are AdS3 × S2 solutions, which should describe near-horizon geometries of
extremal black strings in D = 5 dimensions. We start from heterotic string theory compactified on
S1×T 4, taking for the charges coming from Kaluza-Klein fields of S1 reduction to be non-vanishing.
The details of this particular Kaluza-Klein reduction are reviewed in [3]. In our notation coordinate
radius of S1 is
√
α′ = 4. The non-vanishing fields are: string metric Gµν , dilaton Φ, modulus
T = (Ĝ55)
1/2, two Kaluza-Klein gauge fields A(i)µ (1 ≤ i ≤ 2), coming from G(6)MN and 2-form
potential C
(6)
MN , the 2-form potential Cµν with the strength Kµνρ, one Kaluza-Klein auxiliary two
form Dµν coming from H
(6)
MNP , and auxiliary 3-form Hµνρ.
9 E-function formalism then dictates
the following form for the non-vanishing fields
ds2 = Gµνdx
µdxν = vA ds
2
A + vS ds
2
S , e
−2Φ = us , T = ut ,
K =
e˜
8
ǫA , F1 = p˜1 ǫS , F2 =
p˜2
16
ǫS , H = hA ǫA , D = −dS
2
ǫS , (62)
where now ǫS is a volume-form of unit S
2 sphere, vA,S, us, ut, hA and dS are constants, eventually
determined from equations of motion (as functions of electric field e˜ and magnetic charges p˜1,2).
These 3-charge black string configurations have microscopic interpretation as bound states of some
number (connected to electric charge of Hµνρ, which means magnetic charge of F(2)µν ) of funda-
mental strings, some number (connected to magnetic charge of Dµν , which means electric charge of
F(1)µν) of NS5-branes wrapped around torus T
4, and some number (connected to magnetic charge
of Dµν , which means electric charge of Kµνρ) of Kaluza-Klein monopoles with ”nut” on S
1.
As originally proposed in [20], the most efficient way to calculate the E-function is to lift 5-
dimensional background (62) back to 6-dimensions (by using KK reduction relations backwards)
and than to perform calculation of f function in 6-dimensions, where the action has much simpler
form (presented in section IIIA). Details of this KK reduction are reviewed in [3]. By using them
the background (62) in 6-dimensional language becomes
ds2 = G
(6)
MNdx
MdxN = vA ds
2
A + vS ds
2
S + u
2
t
(
dx5 − 2 p˜1 cos θ dφ
)2
, e−2Φ
(6)
=
us
8π ut
,
K
(6)
012 =
e˜
8
, K
(6)
θφ5 = −
p˜2
8
sin θ , H
(6)
012 = hA , H
(6)
θφ5 = dS sin θ . (63)
Again, using (42) we can write function f , defined in (3), as
f(~v, ~u,~h; e˜, ~˜p) =
∮
S2×S1
√
−G(6) L˜(6)red = f0 + f ′1 + f ′′1 , (64)
Using (63) we obtain
f0 =
1
4
[
us v
3/2
A vS
(
− 3
vA
+
1
vS
− u
2
t p˜
2
1
v2S
− d
2
S
4u2t v
2
S
+
h2A
4 v3A
)
+ hA p˜2 + u
2
t dS e˜
]
(65)
9 Greek indices are 5-dimensional, i.e., 0 ≤ µ, ν, . . . ≤ 4, while capital latin indices are 6-dimensional, i.e., 0 ≤
M,N, . . . ≤ 5. Coordinate on S1 is denoted x5, with 0 ≤ x5 < 8pi.
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f ′1 =
6hA p˜2
vA
− h
3
A p˜2
2 v3A
+
d3S e˜
2u2t v
2
S
+
2u2t dS p˜
2
1
v2S
− 2 dS e˜
vS
(66)
f ′′1 = ±8 p˜2 + 4 e˜
(
u2t p˜1
vS
− 2u
4
t p˜
3
1
v2S
)
. (67)
where for practical purposes we passed to variables h1,2, defined by
h1 ≡ − us v2
2 v
3/2
1
hA , h2 ≡ us v
3/2
1
2u2t v2
dS , (68)
instead of hA and dS . E-function is given by
E(~v, ~u,~h, e˜; q˜, ~˜p) = 6π (e˜ q˜ − f) , (69)
where q˜ is electric charge conjugated to e˜. By extremizing E-function over vA,S , ut,s, hA, dS , and
e˜ we obtain the solutions. Before writing them down, let us make connection between canonical
charges q˜, p˜1,2 and integer-valued microscopic charges. As all U(1) gauge-field strengths are closed,
we can safely use lowest-order relations which in our conventions read
q˜ = −W
′
2
, p˜1 = N
′ , p˜2 =
w
8π
. (70)
In microscopic interpretation (of black string) w is the number of fundamental strings, N ′ is the
Kaluza-Klein monopole charge, and W ′ is the NS5-brane charge.
Supersymmetric solutions, characterized by N ′W ′ ≥ 0, are given by
vA = 4 vS = 16(N
′W ′ + 2) , us =
1
8π
|w|√
N ′W ′ + 2
, ut =
√
W ′
N ′
(
1 +
2
N ′W ′
)
,
e˜ = −|wN
′W ′|
πW ′
, hA = 32
w
|w| (N
′W ′ + 2) , dS = 4W
′
(
1 +
2
N ′W ′
)
. (71)
Central charges in BPS case are
c ≡ 1
2
(cL + cR) = 6 |w|(N ′W ′ + 3) , cL − cR = 12w . (72)
For w > 0 (72) gives
cL = 6 |w|(N ′W ′ + 4) , cR = 6 |w|(N ′W ′ + 2) , (73)
while for w < 0 one just has to exchange cL ↔ cR.
Non-supersymmetric solutions, characterized by N ′W ′ < 0, are given by
vA = 4 vS = 16|N ′W ′| , us = 1
8π
|w|√|N ′W ′| , ut =
√∣∣∣∣W ′N ′
∣∣∣∣ ,
e˜ = −|wN
′W ′|
πW ′
, hA = 32
|wN ′W ′|
w
, dS = 4W
′ . (74)
Central charges in non-BPS case are
c ≡ 1
2
(cL + cR) = 6 |w|(|N ′W ′|+ 1) , cL − cR = 12w . (75)
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For w > 0 (75) gives
cL = 6 |w|(|N ′W ′|+ 2) , cR = 6 |wN ′W ′| , (76)
while for w < 0 one again just has to exchange cL ↔ cR.
It is interesting to find charges calculated from fluxes of 10-dimensional 3-forms H and H. In
the case of H, which is defined in (26), the corresponding charge W is calculated from
W ≡ 1
128π2
∮
S2×S1
H =
hS
4
(77)
In BPS case, using (71), we obtain
W =W ′ +
2
N ′
(78)
while in the non-BPS case we obtain a simple uncorrected relation
W =W ′ (79)
Using W instead of W ′ puts all solutions (BPS and non-BPS) in α′-uncorrected form, and central
charges cR,L in the form (75).
However, we argued in section IIIB that to obtain proper asymptotic charge, instead of H we
should use 3-form strength H defined in (58). The corresponding flux quantum number is now
Q5 ≡ 1
128π2
∮
S2×S1
H (80)
which again can be obtained by using (60) and (38). The result is
Q5 =W
′ +
1
N ′
(81)
In the case N ′ = 1 we obtain Q5 =W
′ + 1. Now, it is known [1, 31] that presence of one Kaluza-
Klein monopole adds (−1)-unit to NS5-brane charge, so in this case we can again identify of Q5
with the number of NS5-branes.
Comments on our AdS3 × S2 × S1 × T 4 solutions (71) and (74):
1. It is easy to show that both solutions satisfy property (31). Consequences of this are the
same as in section IIIB.
2. Though our solutions are regular for all |w| 6= 0, from string theory perspective they are
meaningful only for |w|/√|N ′W ′| ≫ 1 as in this case quantum corrections are expected to
be small (effective string coupling g2s ∼ exp(2Φ) = 1/us ≪ 1) and so our purely classical
analysis is indeed dominant.
3. It is obvious that α′-expansion is here effectively 1/|N ′W ′| expansion. So, one would expect
problems forN ′ = 0 and/orW ′ = 0. However, we see that (71) is completely regular forW ′ =
0, N ′ 6= 0, though it is singular when N ′ = 0. Now, this is a bit strange because heterotic
theory has a particular T-duality on N ′ ←→ W ′ (in which one expects that T → 1/T and
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F(1)µν ←→ Dµν), which now appears to be broken. This is of course not the case, and the
resolution is that in non-trivial S1 compactifications higher derivative corrections can change
the relations between canonical fields (in our case T , F(1)µν and Dµν) and proper string
moduli (in our case S1 radius R and fluxes F(1)µ, Dµν), and one needs to find appropriate
field redefinitions before making identifications (see, e.g., [32]).
4. Our results for central charges agree with microscopic calculations relying on AdS3/CFT2
arguments [5, 29]. Again, charge W obtained from 3-form H is connected with the total
level k of the world-sheet affine algebra ̂SL(2) in the supersymmetric sector, and the relation
is now k = N ′W . Also, use of W puts solutions in the α′-uncorrected form.
5. Agreement with microscopic calculations is now also true for N ′ =W ′ = 0, where solutions
describe near-horizon geometry of small black (fundamental) string. We mentioned above
that in this regime low energy/curvature effective action is not expected to be well defined
(as α′-expansion is not well defined).10 This agreement is in contrast with the case of 6-
dimensional black string (analyzed in previous section) where putting m = 0 gives wrong
results for central charges.
6. The same result for c in BPS case (72) was also obtained from 5-dimensional R2-type action
obtained by off-shell supersymmetrization of mixed Chern-Simons term in [36]. However,
this action produces wrong result for c in non-BPS case, deviating from (75) already at α′1-
order.11 This shows that this R2-supersymmetric action is incomplete already at 4-derivative
order, a fact already noted in [4, 9].
7. Using AdS/CFT correspondence, our results for central charges cL,R agree (through the
Cardy formula)) with results for entropies of 4-dimensional 4-charge extremal black hole
entropies calculated in [9]. Comparison with calculation which uses R2-type 4-dimensional
supersymmetric action shows agreement just for the cases which correspond to BPS black
holes [4].
8. For N ′ = 1, 3-charge AdS3 × S3 × T 4 solutions become equal to 2-charge AdS3 × S2 ×
S1 × T 4 solutions when one identifies the corresponding Q5 charges, i.e., for m = W ′ + 1.
The explanation of this comes from understanding of these backgrounds as near-horizon
geometries of black strings. Microscopic explanation of this ”charge-shift” was given in
[31], while macroscopic explanation, in the framework of R2-type supersymmetric effective
action, was given in [27]. In our analysis (and also in [9]), charge-shift appears because
Lorentz Cher-Simons term is evaluated on different topologies (S3 in one case, and S2 × S1
in the other).12
10 Though there is a proposal that near-horizon properties of small black strings could be effectively described by a
simple Lovelock-type action [33]. Analysis from [34] is also giving some wind for this proposal. The extension of
small black hole solutions to the whole space-time in the case of Gauss-Bonnet-type action was analyzed in [35].
11 This can be easily shown by simple extension of the method for constructing non-BPS solutions from [4] to
AdS3 × S
2 geometries.
12 Note that geometries are locally isomorphic, but not globally.
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D. AdS3 × S
3 × S3 backgrounds
Our final example are AdS3 × S3+ × S3− solutions of the heterotic string theory compactified on
S1. Compactification on S1 is trivial (corresponding KK charges are all zero), and ± subscript on
S3 is put just to separate two 3-spheres. Contrary to previous two examples, these backgrounds
do not have direct interpretation as near-horizon geometries of some black objects (and so, e.g.,
are not listed in [37]). Calculations here are similar to those from section IIIB, with the difference
that now we have two 3-spheres and K is a 6-form (because effective space-time is 9-dimensional).
Now, E-function formalism forces the following form for the non-vanishing fields
ds2 = vA ds
2
A + v+ ds
2
+ + v− ds
2
− , S = us , (82)
K = e˜− ǫA ∧ ǫ+ + e˜+ ǫA ∧ ǫ− + p˜ ǫ+ ∧ ǫ− , H = hA ǫA + h+ ǫ+ + h− ǫ− ,
Function f is now
f(~v, us,~h; e˜, p˜) =
∮
S3+×S
3
−
√−G L˜red = f0 + f ′1 + f ′′1 , (83)
Using (82) we obtain
f0 =
π3
4
[
us(vAv+v−)
3/2
(
3
v+
+
3
v−
− 3
vA
+
h2A
4 v3A
− h
2
+
4 v3+
− h
2
−
4 v3−
)
− hA p˜+ h+ e˜+ + h− e˜−
]
(84)
f ′1 =
π3
2
(
h3A p˜
v3A
+
h3+ e˜+
v3+
+
h3− e˜−
v3−
)
− 6π3
(
hA p˜
vA
+
h+ e˜+
v+
+
h− e˜−
v−
)
(85)
f ′′1 = fCS = ±48π4 p˜ . (86)
E-function is now defined by
E(~v, uS ,~h,~˜e;~˜q, p˜) = 6π (e˜+ q˜+ + e˜− q˜− − f) . (87)
Extremization of E-function over vA,±, us, hA,± and e˜± gives us the following solution
v± =
2
π3
|q˜±|+ 16 , vA = v+ v−
v+ + v−
, us =
v
1/2
A |p˜|
(v+ v−)3/2
,
e˜± =
|q˜± p˜|
q˜±
(
vA
v±
)2
, hA = 2 vA
p˜
|p˜| , h± = 32
q±
|q±|
( |q±|
8π3
+ 1
)
(88)
From the expression for h± in (88) we can read that integer-valued fluxes N
±
5 , corresponding to
3-form H, through 3-spheres S3± are given by
N±5 =
q±
|q±|
( |q±|
8π3
+ 1
)
. (89)
The remaining integer-valued charge Q1 is given by the well-known lowest-order relation (see, e.g.,
[38])
Q1 = 8π
4 p˜ (90)
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Using (89) and (90) in (88) we finally obtain that AdS3 × S3 × S3 solution is given by
v± = 16 |N±5 | , vA = 16
|N+5 N−5 |
|N+5 |+ |N−5 |
, us =
1
2(8π)4
∣∣∣∣∣ Q1N+5 N−5
∣∣∣∣∣ (|N+5 |+ |N−5 |)−1/2 ,
e˜± =
1
8π4
|N±5 Q1|
N±5
(
vA
v±
)2
, hA = 2 vA
Q1
|Q1| , h± = 32N
±
5 (91)
We see that by using 3-form H to define magnetic charges, solutions again have α′-uncorrected
form, and the sole effect of α′-corrections are charge-shifts (89).
Finally, the central charges are given by
c ≡ 1
2
(cL + cR) = 6 |Q1|
(
|N+5 N−5 |
|N+5 |+ |N−5 |
+ 1
)
, cL − cR = 12Q1 . (92)
For Q1 > 0 (92) reads
cL = 6 |Q1|
(
|N+5 N−5 |
|N+5 |+ |N−5 |
+ 2
)
, cR = 6 |Q1| |N
+
5 N
−
5 |
|N+5 |+ |N−5 |
, (93)
while for Q1 < 0 one just has to exchange cL ↔ cR.
If we instead use 3-form H to calculate charges Q±5 , we obtain
|Q±5 | = |N±5 | − 1 (94)
Comments on our AdS3 × S3 × S3 × S1 results:
1. It is easy to show that solution (48) satisfies property (31). Consequences of this are the
same as in sections IIIB and IIIC.
2. Though solution (48) is regular for all Q1 6= 0, from string theory perspective it is mean-
ingful only for |Q1| ≫ |N+5 N−5 |(|N+5 | + |N−5 |)1/2, because then string coupling satisfies
g2s ∼ exp(2Φ)≪ 1 and our purely classical analysis is valid.
3. Solution is singular for vanishing N+5 or N
−
5 . Again, this is not surprising because we see
from our solution that α′-expansion is effectively expansion in 1/N+5 , 1/N
−
5 ,
13 and so it is
not well defined when any of the charges vanish.
4. As far as we know, our results for central charges are new. In particular, we are not aware
of any α′-exact microscopic calculation of central charges in this case. In fact, even the
microscopic configuration of strings/branes which should lead to such backgrounds is not
known. Also, a holographic (CFT2) dual is still not known
14, contrary to previous examples
analyzed in sections IIIB and IIIC.
5. Solution is supersymmetric for all values of charges.
13 More precisely, |N+5 |
n|N−5 |
m terms will appear at α′n+m order.
14 See [38] for thorough analysis of this issue in type-II string theories.
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E. Solutions in type-II superstring theories
All geometries we considered in the paper also appear in NS-NS sector of type-II string theories.
We now show that from our analysis directly follows that such type-II solutions will all be α′-
uncorrected. The reason is that in type-II theories there are no classical Lorentz Chern-Simons
terms (and in particular they are not present in (26)), and the truncated tree-level effective action
is given by
L(II) = L0 + Lother , (95)
where Lother is the same as in the heterotic case [39]. As the lowest-order solutions (obtained from
L0) all satisfy property (31), we conclude that higher-derivative term Lother should be irrelevant
in calculations of solutions and corresponding central charges, which stay α′-uncorrected.
This is a well-known fact obtained by other means in the literature. We have shown here how
it can be understood as a simple consequence of the form of the 10-dimensional tree-level effective
actions of type-II theories.
IV. CONCLUSION
We have shown on several examples of string backgrounds containing AdS3 factor how one can
calculate in α′-exact manner BPS and non-BPS solutions and corresponding conformal central
charges from the complete tree-level effective action (by taking into account all higher-derivative
terms). Let us here discuss some of the important issues and outcomes of our analysis, which are
common to all examples:
1. Though our solutions were obtained from the reduced Lagrangian (30), from the fact that
they all satisfy property (31) it follows that they are also solutions of the supersymmetric La-
grangian (32) (obtained in D = 10 by N = 1 supersymmetry completion from Chern-Simons
term). Agreement of our ”macroscopic” results for central charges agree with those obtained
”microscopically” shows that Chern-Simons terms are solely responsible for α′-corrections.
Now, this is not surprising for supersymmetric (BPS) solutions (56), (71) and (91), because
it was shown in effective AdS3 analyses [7, 8, 17] that this is generally valid if supersymmetry
is present in effective 3-dimensional theory. What is new here is that non-supersymmetric
example (74) shows that this happens also in cases where 10-dimensional supersymmetry is
completely broken in effective 3-dimensional theory. These examples suggest possible exten-
sion of the results from [7, 8, 17] to more general (non-supersymmetric) situations.
2. This immediately leads us to the question why the part of the tree-level effective Lagrangian
denoted Lother in (24) is not giving any contribution to central charges (and, as we are
suggesting, neither to the solutions). This part starts at α′3 (8-derivative) order and con-
tains the (in)famous ζ(3)RRRR terms. Contrary to the ∆LCS term, the structure of Lother
is grossly unknown, with only 4-point sector being completely known [39]. It was shown
in [39] that this 4-point sector can be written in simple form ζ(3)RRRR, where R stands
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for torsional Riemann tensor obtained from the modified (”torsional”) connection (28) (and
written explicitly in (29)). This has stimulated authors of [11] to conjecture that the whole
Lother can be written in such way (by using RMNPQ only). Indeed, the most recent calcu-
lations of some 5-point terms (ζ(3)RRRHH and ζ(3)R(∆H)(∆H)HH) are in accord with
this conjecture [12]. What is important for us here is if this conjecture is correct, it would
immediately imply that term Lother does not contribute to our solutions and central charges
(a proof is the same as in the case of ∆LCS). That would mean that we have found solutions
of the full tree-level effective action(s). Of course, we can turn the argument around and
claim that agreement of our results (for central charges) with the microscopic calculations
argues in favor of the conjecture. However, we should be careful in making strong statements
because of the following reasons:
(a) It would be enough for our purposes that every monomial in Lother is bilinear in
RMNPQ. This weaker version of the conjecture (appearing already in [10]) would also
imply that Lother is irrelevant for our results.
(b) Beside RMNPQ = 0, our solutions satisfy other common properties, e.g., R = 0 (van-
ishing of 10-dimensional Ricci scalar), H
2
= 0, and on top of it all covariant derivatives
are zero. So, adding to effective action terms which contain covariant derivative or
bilinear in R, H
2
would not change our results, and so our analysis does not put any
constraint on them. To clear this issue, we have to find examples in which we have
RMNPQ = 0 but not these other properties.
3. Reduced Lagrangian L˜red is of 4-derivative type. Our analyses offers direct explanation (in
10-dimensional set-up) why terms with six and more derivatives in 10-dimensional string
effective actions are irrelevant for calculations considered here and in [9].
4. All our solutions have the form of α′-uncorrected solutions when we used magnetic charges
calculated in near-horizon region from 3-form H. This is exactly what is obtained in sigma
model calculations, despite the fact that those two methods are typically using different field-
redefinition schemes (for example, this agreement is not manifestly present in corresponding
black hole near-horizon analyses [9, 40]).
5. We have shown in section IIIE that our strategy can be trivially extended to NS-NS back-
grounds in type II string theories. Now, structure of dualities connecting heterotic and type
II string theories suggests that the same strategy could be further extended to Ramond-
Ramond backgrounds in type II theories. Indeed, it has been proposed [41, 42] that R-R
5-form field couples to the gravity at 8-derivative order exclusively through a relation similar
with Eq. 29 (see Eq. (2.10)-(2.11) from [42]). If this proposal is correct, it could be used
to argue for the vanishing of corresponding corrections to particular backgrounds, using the
same logic which we applied here and in [9].
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